In this paper, we study a nonlinear third-order multipoint boundary value problem by the monotone iterative method. We then obtain the existence of monotone positive solutions and establish iterative schemes for approximating the solutions. In addition, we extend the considered problem to the Riemann-Liouville-type fractional analogue. Finally, we give a numerical example for demonstrating the efficiency of the theoretical results.
Introduction
In this article, we are concerned with the existence of monotone positive solutions to the third-order and fractional-order multipoint boundary value problems. In the first part, we consider the following third-order multipoint boundary value problem: u (t) + q(t)f t, u(t), u (t) = ,  < t < ,
where  < η  < η  < · · · < η m <  (m ≥ ), α i ≥  (i = , , . . . , m), and orem, and the Guo-Krasnoselskii theorem, Guezane-Lakoud and Zenkoufi [] discussed the existence, uniqueness, and positivity of a solution in () with q(t) ≡ .
In the second part, we extend our discussion to the fractional case by considering the boundary value problems with Riemann-Liouville fractional derivative given by D α  + u(t) + q(t)f t, u(t), u (t) = ,  < t < ,
where 
Preliminaries
In this section, we assume that the following conditions hold:
Then the boundary value problem
has a unique solution
where
and
In the following, we provide some properties of the functions H(t, s), H  (t, s), and G(t, s).
Proof For a proof of (a), see [] . It is easy to check that (b) holds. Next, we prove (c). By Lemma (a) and (),
On the other hand,
This means that (c) holds. Finally, we prove (d). By Lemma (b) and () we have
For s fixed, this gives
This completes the proof.
In this paper, to study (), we will use the space E = C  [, ] equipped with the norm
Define the cone K ⊂ E by
Introduce the integral operator T :
where G(t, s) is defined by (). By Lemma , the problem () has a solution u ∈ K if u is a fixed point of T defined by ().
Lemma  Let (H)-(H) hold. Then T : K → K is completely continuous.
Proof Suppose that u ∈ K . In view of Lemma (a),
which implies that
On the other hand, we have
G(, s)q(s)f s, u(s), u (s) ds, t ∈ [, ]. ()
Using inequalities () and () yields
It is easy to see that (Tu) (t) ≥  for t ∈ [, ]. Hence, the operator T maps K into itself. In addition, a standard argument shows that T : K → K is completely continuous. This completes the proof.
Main results
The main results of this section are given as follows. For notational convenience, denote
Theorem  Suppose that conditions (H)-(H) hold. Let a >  and suppose that f satisfies the following condition:
Then problem () has two monotone positive solutions v and w, which satisfy
Proof Firstly, we check that T :
which, together with condition () and Lemma ()(d), implies that
Thus, by Lemma  we have
Inequalities () and () give T ≤ a. Thus, T : K a → K a . Now, we prove that there exist w, v ∈ K a such that lim n→∞ w n = w, lim n→∞ v n = v, and w, v are monotone positive solutions of problem ().
Indeed, in view of w  , v  ∈ K a and T : K a → K a , we have w n , v n ∈ K a , n = , , , . . . . Since {w n } ∞ n= and {v n } ∞ n= are bounded and T is completely continuous, we know that the sets {w n } ∞ n= and {v n } ∞ n= are sequentially compact sets. Since
and () we have
Thus,
Further,
Finally, this gives
Hence, there exists w ∈ K a such that lim n→∞ w n = w. This, together with the continuity of T and w n+ = Tw n , implies that Tw = w. By a similar argument there exists v ∈ K a such that lim n→∞ v n = v and v = Tv. Thus, w and v are two nonnegative solutions of problem (). Because the zero function is not a solution of problem (), we have max ≤t≤ |w(t)| >  and max ≤t≤ |v(t)| > , and from the definition of the cone K it follows that w(t)
, that is, w and v are positive solutions of problem (). The proof is completed.
An example
We consider the following four-point boundary value problem:
In this case,
It is obvious that (H)-(H) hold. By simple calculations we obtain Λ  = . Let a = . Then 
